Abstract: Motivated by recently progresses in the study of BCFW recursion relation with nonzero boundary contributions for theories with scalars and fermions [1] , in this short note we continue the study of boundary contributions of gauge theory with the bad deformation. Unlike cases with scalars or fermions, it is hard to use Feynman diagrams directly to obtain boundary contributions, thus we propose another method based on the N = 4 SYM theory. Using this method, we are able to write down a useful onshell recursion relation to calculate boundary contributions from related theories. Our result shows the cut-constructibility of gauge theory even with the bad deformation in some generalized sense.
where contour C is a big enough circle around z = 0. We can evaluate the integration by two different ways, either by contour around z = ∞ or by contour of big circle around the origin. Identified these two results we obtain
where A(z = 0) is the wanted physical amplitude and B is the boundary contribution. Residues of poles in the right hand side of (1.3) can always be calculated using factorization properties from lower-point onshell amplitudes. In other words, expression (1.3) shows that for any theory, some parts of tree amplitudes are always "on-shell constructible". Contrast to that, the boundary contribution B is the obstacle for the application of BCFW recursion relation. If boundary contribution is zero under the chosen BCFW deformation, the whole amplitude is cut-constructible as emphasized in [11] . But for some theories there are no such deformations available to makes B vanishing, thus we must consider the boundary contribution B when computing A(z = 0). So it is hard to see if the theory is cut-constructible or not when B is not zero. Many theories we are familiar with have zero boundary contributions, which usually can not be easily inferred from Feynman diagrams and we should rely on other methods as shown in [12] - [16] . Some theories with non-zero boundary contributions have been discussed in [1] , and they are found to be cut-constructible. For gauge theory, it is well known that one can always find good deformation with zero boundary contribution B = 0 [2, 3] , such as deformations i + |j − ], i + |j + ] and i − |j − ] , i.e., λ i (z) = λ i + zλ j , λ j (z) = λ j − z λ i .
(1.4)
With these deformations one can calculate tree-level amplitudes A efficiently. However, there is one bad deformation i − |j + ] which does not make the A(z) vanish at infinity. Although in practise one can always choose a good deformation to simplify calculations and avoid the boundary contributions, it is still important to study the non-zero boundary contributions from the theoretical aspect. Especially we want to ask whether the theory is still cut-constructible with nonzero boundary contributions, and what is the physical implication of these non-zero values.
To calculate non-zero boundary contributions, there are many ways to follow. The first method is to compute them from Feynman diagrams, as have been done in paper [1] for theories with scalars. However, by some simple analysis it is easy to see that this method is not very practical for gauge theory. Unlike theories with scalars and fermions where only a few types of Feynman diagrams give nonzero boundary contributions, there are many types of Feynman diagrams giving potential nonzero boundary contributions in gauge theory, as long as the line from i to j has no more than four four-point vertexes. The second method is to calculate the full amplitude with good deformation and then deform it with bad deformation to get the boundary contributions. This method can get the boundary contributions straightforwardly, but it does not give us the insight whether the boundary part is cut-constructible or not.
In this short note, we propose an alternative method to recursively calculate nonzero boundary contributions with bad deformation for gauge theory and related theory, i.e., the theory with scalars and fermions with N = 4 interaction terms. The note is organized as following. In section two we will derive an on-shell recursion relation for boundary contributions from the N = 4 SYM theory. In section three we will illustrate our idea by two simple examples. One of them is the gluon MHV amplitude and another one, the NMHV amplitude with two fermions. In section four we will give a brief summary of our results.
The general framework
It is well known that tree-level amplitudes of pure gluons are identical to these obtained from N = 4 super-Yang-Mills (SYM) theory. In N = 4 SYM theory, one can group all components into following on-shell superfield [17, 4, 18, 19] 
with Grassmann coordinate η A , A = 1, 2, 3, 4. Using superfields, amplitudes can be written as functions of (λ i , λ i , η A i ). For example, the super-MHV amplitude is given by Nair's formula [17] as
To obtain the corresponding scattering amplitudes with various component configurations we just need to expand above expression as the series of η A .
Having the super-amplitudes, we need also the supersymmetric version of BCFW recursion relation, which is given in [20, 18] . The super-BCFW deformation contains the usual i|j]-deformation for two chosen momenta as given by (1.4), as well as the deformation for η variables as
so that the super-energy-momentum conservation is preserved, i.e., t λ t η A t is invariant under the full super-BCFW deformation. With this in mind the supersymmetric version of BCFW recursion relation can be written as
If the deformed super-amplitude A SU SY (z) approaches to zero when z goes to infinity 1 , there is no boundary contribution. A nice property of N = 4 super-amplitudes is that no matter what helicities of (i, j) are, A N =4 (z) approaches to zero with z → ∞, i.e., there is no bad deformation at all for N = 4 SYM theory.
Having this fact, we expand the super-amplitude as the series of η as
1 It will be interesting to see if there is supersymmetric theory with nonzero boundary contributions for any super-BCFWdeformation.
where A a 1 ...an denotes amplitude of field configurations specified by (a 1 , a 2 , ..., a n ). Under the deformation (1.4) and (2.3) we have
where η j (z) = η j − zη i and η k (z) = η k for all the k = j. A a 1 ...an (z) is the super-amplitude of specific field configuration (a 1 , a 2 , ..., a n ) after i|j]-deformation. However, it is more suitable to consider the boundary behavior using the form (2.5) since each super-amplitude of specific configurations is independent in form (2.5). To re-write the deformed super-amplitude expansion (2.6) into the form (2.5), we expand η j (z) in (2.6) as follows 2 4 a 1 ..an=0
where α t represents the binomial coefficient. After above expansion, we can now explain our method. For the left hand side of (2.6) we have
and using the fact that each term in the form (2.5) is independent, we get immediately
Equations (2.8) gives relations among amplitudes whose field configuration differences from each other only at the positions i and j. The boundary contributions of A a i ,a j (z) after i|j]-deformation are calculated by the following contour integration
where the contour is a big enough circle around z = 0. Thus one can use the relation (2.8) to calculate boundary contributions of certain amplitude through pole contributions of other amplitudes. For example, the boundary contribution of A a i ,a j (z) is given by
where the presence of positive powers of z in the numerator makes only physical poles contribute to boundary values. Similar framework can be obtained for boundary contributions of theories with fermions, for which one example will be presented in next section. A direct implication of our result is that even with a bad deformation in gauge theory, boundary contributions are also cut-constructible in some sense, i.e, they can be obtained from pole contributions of some other related theories recursively.
Examples
In this section, we will use two simple examples to demonstrate our idea. We will discuss gluon MHV amplitude in detail as the first example and then briefly for another example.
The first example: gluon MHV amplitude
Since the purpose of this note is to understand boundary contributions of bad deformation, not to use it in practical calculations, we will illustrate our idea simply by using MHV amplitude of gluons, which is given by
We take the bad deformation s − |t + ] with t < s. The z-dependence can be written down explicitly as
where for later convenience we have explicitly written the power of η-expansion at positions t, s in the N = 4 super-amplitude. Splitting it into pole part of z as well as divergent parts of z a , a ≥ 0, we obtain following boundary values, i.e., the coefficient of z 0 -term. If t = s − 1 or t = s + 1, the highest power of z is z 2 and the coefficient of z 0 term is given by
−4 n|s n|t s − 1|t t|s + 1 ( s|s + 1 s − 1|t + s − 1|s t|s + 1 )
If t = s − 1 or t = s + 1, the highest power becomes z 3 , and the z 0 term would be (we just write down the case t = s − 1)
It is worth to notice that the numerical coefficients of each term in expression (3.2) and (3.3) is 1, 4, 6, 4, 1, which are an indication of matter contents of N = 4 theory. Now we apply our framework (2.8) to this example. The relevant combination can be easily found to be
By using following results which gives zero boundary contribution as it should be. Then we rewrite (3.4) as follows
It is easy to see that one can use (3.7) to calculate boundary contributions in the first line. Since the z-factor appears in numerator, there is no pole contribution at z = 0 in (3.7), and all contributions come from physical poles. To calculate these terms we can use formula
We will apply formula (3.8) to (3.7) and compare results with the one given by (3.2) and (3.3).
The case t = s − 1, n = s + 1: As a warm up let us start from the simplest case t = s − 1 and n = s + 1. There are four terms from recursion relation (3.7), as illustrated in figure (1) . The first three diagrams do not contribute because the 
we obtain
which agrees with the one given by (3.3).
The case t = s − 1, n = s + 1:
The second case we are considering is t = s−1 and n = s+1. Again there are four terms from recursion relation (3.7), as shown in figure (2). All these four diagrams give nonzero boundary contributions to A t=0,s=4 . By using
we have
| s + 1 (3.12) where we have used the Schouten identity. All contributions from four diagrams in figure (2) Combining with the common denominator we get the final result where in the second step we have used (3.11) and (3.12) . This result agrees with the one given by (3.3).
Case t = s − 1, t = s + 1 and n=s+1:
The third case we are considering is t = s − 1, t = s + 1 and n = s + 1. There are five diagrams contributing to boundary values. We divide these five diagrams into two parts, as part A shown in figure (3) and part B, in figure (4). We first calculate contributions of part A from figure (3), where z A α is given by
The common denominator of these four contributions is
By using Schouten identity, we have 19) thus the denominator becomes By similar calculations for these four numerators as in (3.14) we get
Putting these results together we have part A contributions from figure (3)
s − 1|t s|s + 1 s|t s − 1|s + 1
The part B contribution from figure (4) can be calculated by similar way and the result is s + 1|t s − 1|s s − 1|s + 1 s|t
By using Schouten identity s − 1|t s|s + 1 + s + 1|t s − 1|s = s|t s − 1|s + 1 , we can combine part A and part B contributions together and get the final result for boundary values A 0,4 with t = s − 1, t = s + 1 and n=s+1 is B t=0,s=4 = 1
The result agrees with the one given by (3.2).
The case t = s − 1, t = s + 1, n = s + 1 and n = s − 1:
The last case we are considering is t = s − 1, t = s + 1, n = s + 1 and n = s − 1. There are totally eight diagrams contributing to A 0,4 , again we divide eight diagrams into two parts, as part A shown in figure (5) and part B, in figure (6) . By similar calculations as done in (3.16) we get results for part A in figure (5) as
and similarly the contribution for part B in figure (6) as s + 1|t s − 1|s s − 1|s + 1 s|t
So the final boundary value for A 0,4 with t = s − 1, t = s + 1, n = s + 1 and n = s − 1 is
3.2 The second example: amplitude with two fermions and four gluons Λ
The A(Λ
amplitude has been calculated in [21] by choosing a good deformation, here we will discuss boundary contributions with bad deformation for this one, thus provide a generalization of our discussions to cases besides gluons. We will consider two different bad deformations.
First we consider the bad shifting 4 − |5 + ]. With this choice, there is no contribution from physical poles and the whole amplitude is given by boundary contributions. There are four diagrams under 4 − |5 + ] deformation, as shown in figure (7). The recursion relation for boundary contributions is given by
according to the general formula (2.8). Compared to the one given by (3.7), we see that there are only two terms with numerator coefficient 1. The reason is that this amplitude has fermions Λ 1 , Λ 2 , so in order to get non-zero contributions, Λ must pair up with the same kind of fermions (recall that there are four different fermions in N = 4 SYM theory).
The boundary contributions from figure (7.a) and (7.c) are given by while the boundary contributions from figure (7.b) and figure (7.d where the last identity can be checked with the result obtained in [21] . Our general framework can also be used to solve the problem raised in [22] , where the author concluded that one can not use nearby fermions to take BCFW deformation if the helicity configuration is (+, −) or (−, +). The author also stated that the pair of one fermion and an adjacent gluon with the same helicity is also not suitable for BCFW deformation. Now we understand that one can use nearby fermions to do BCFW deformation if one is able to find boundary contributions. Using the recursion relation, the Contributions from physical poles under this deformation is zero and the whole amplitude is again given by boundary contributions. There are three diagrams with pole contributions from A 4,0 , i.e., the pure gluon helicity configuration (−, +, −, −, +, +). These three terms are exactly the one given by (3.31).
Conclusion and discussions
In this paper we have studied boundary contributions with bad deformation in gauge theory. We deduce a very useful on-shell recursion relation to calculate the boundary contributions from N = 4 SUSY amplitudes. It provides useful understanding of bad deformations although we can always choose good deformations to calculate the gauge theory amplitudes. Especially our recursion relation shows the cutconstructibility of boundary contributions in generalized sense, i.e., they are given by pole contributions of related theory. Obviously same consideration can be done for amplitudes with gravitons.
